This paper describes an investigation of the wave induced responses of constrained multiple bodies. The hydrodynamic analysis is based on linear diffraction theory, and the constraints in the connections between the bodies are imposed by the Lagrange multiplier technique. Results are given for two cases of two rectangular boxes connected by a hinge and by a rigid rod, which are compared with published data. An example of a tanker alongside an FLNG barge is then considered, and the effect of the constraints on the responses is assessed.
Introduction
Offshore operations are frequently based on use of two or more vessels in close proximity, and increasingly it is required to join these vessels with structural connections. At one extreme these might be the fenders with spring and breast lines connecting a floating liquid natural gas (LNG) tanker to a floating LNG (FLNG) processing barge; at the other, the connection might be a stiff truss joining two barges in a catamaran configuration (as discussed by Cheung, 2010) . Examples relating to installation are the twin barge float-over configurations described by Tahar et al. (2004) in relation to the Benguela Belize feasibility study; and by Edelson et al. (2008) for the Kikeh spar deck installation. The use of such configurations for platform removal is also now an active area of interest.
A crucial capability in the design of such systems, alongside physical experiments, is the ability to model numerically multiple floating bodies linked by rigid or flexible constraints. The hydrodynamic modelling involves multi-body diffraction analysis; and the response analysis requires suitable representation of the constrained multi-body dynamics. There are two distinct methods of tackling this.
One is to solve the hydrodynamics problem first, for the bodies allowed to respond freely in all of their rigid body degrees of freedom (i.e. six times the number of bodies). Wave forcing as well as added mass and damping coefficients are evaluated, involving hydrodynamic coupling between the bodies. Dynamic coupling (by rigid or flexible structures, including possible hinges and universal joints etc) is then incorporated in the formulation of the equations of motion. A systematic treatise on the formulation of constrained dynamic systems (without the fluid) is that by Shabana (2010) . In the marine context, examples of the application of this effectively twostage approach have been given by Langley (1984) , Kral and Kreuzer (1999) and O´'Catha´in et al. (2008) . The second method of analysis solves the coupled problem directly, using the mode expansion technique (Newman 1994 , Lee and Newman 2000 , Taghipour and Moan 2008 . For large systems involving many bodies, such as the wave energy converter investigated by Taghipour and Moan, the second method would appear to be the more efficient (as fewer radiation problems need to be solved within the hydrodynamic analysis). For systems with complex constraints, however, the first method offers greater flexibility. We have therefore based the analysis here on that two-stage formulation.
The hydrodynamics of closely spaced multiple bodies in waves is itself a nontrivial problem to analyse, and some very complex behaviour can arise. For two long vessels in a side-by-side arrangement, near-standing waves can be excited along the narrow gap between the vessels. The phenomenon can be triggered by incident waves at discrete frequencies and from any direction, even beam seas. It has recently been systematically studied by Sun et al (2010a) for the case of two side-by-side rectangular box-shaped barges. Earlier investigations include the work of Hong et al. (2005) , Koo and Kim (2005) , Kashiwagi (2007) and Pauw et al. (2007) . Sun et al. (2010b) have also studied the problem for an LNG tanker alongside a large FLNG barge. Here we use the same configuration (originating in the EU Safe Offload Project) to investigate the effect of differing degrees of constraint between the vessels.
The paper is arranged as follows. The next section describes how the constraints are built in to the analysis, using the Lagrange multiplier technique. In view of the requirement to be able to model elastic interconnections, the problem is formulated ab initio as one of an elastic system (which is assumed here to be linear).
The resulting equations are linked to the diffraction analysis code DIFFRACT (Eatock Taylor and Chau 1992 , Zang et al. 2006 , Sun et al. 2010b . Section 3 applies the methodology to the interconnected body configuration considered by Newman (1994) using the mode expansion technique, thereby providing validation of the present formulation. This is followed by the analysis of the FLNG-tanker arrangement, and some conclusions.
Formulation of the constrained equations
We are concerned here with the linear response of N interconnected rigid bodies when excited by unidirectional regular waves at frequency . The rigid body equations of motion are first considered in the absence of any rigid constraints. The 6N exciting forces and corresponding displacements may be written
After removing the harmonic time factor we may then express the equations of motion in the form
Here the matrix A is the rigid body mass matrix for the N bodies. Damping and stiffness matrices B and C respectively correspond to any connections coupling the degrees of freedom. Matrix C H represents the hydrostatic restoring coefficients.
Matrices A H and B H involve hydrodynamic coefficients which are the added mass and damping matrices obtained by solving 6N radiation problems. Here these, and the wave exciting forces and moments f, are evaluated by the computer program DIFFRACT. This is based on quadratic boundary element panelling of the submerged surfaces of the bodies. Sun et al. (2010b) provide details, and examples of validation, including discussion of the suppression of irregular frequencies and the application of the code to multiple bodies responding independently.
For convenience we write Equation (2) in the simplified form
where of course the matrix K and also the vectors  and f depend on frequency. Under the assumptions made, this is the Euler equation corresponding to taking the variation of a functional
where superscript T denotes the transpose.
We now assume that there are rigid constraints between some of the degrees of freedom, given by the constraint equation
This may be imposed in the variational formulation by augmenting the function  by means of Lagrangian multipliers , leading to the modified functional
If there are n degrees of freedom in the unconstrained case and m constraints, then the size of the vectors and matrices are as follows: f and  are (n×1); K is (n×n); D is (m×n); and  is (m×1). Taking the variations with respect to  and  leads to
Equation (7) 
i.e. n=12, m=1, and  is the force in the connection. A more realistic case, illustrated schematically in Figure 1 , is that of two floating barges constrained by a rigid connection, so that they both have the same response at some arbitrary point on the connection. There are thus 6 constraints (m=6), and the constraint matrix (transpose) is
Here 1 1 1
Responses of interconnected barges
We now examine a problem that has been previously solved by Newman (1994) The geometry is shown in Figure 2 (with lengths in meters). In this case the constraint matrix (transpose) is Figure 4a shows the vertical motion of the hinge non-dimensionalised by the wave amplitude A; while Figure 4b shows the hinge rotation, non-dimensionalised by 2KA to be consistent with the result plotted by Newman (1994) . Here K is the deep water wave number. The comparisons are generally good, apart from a small oscillation in the curves just below the period T=6 s. This might be linked to the resolution of the plots: here we used a spacing of ∆T=0.1 s. It should be noted that the circles in these figures identifying the results from Newman correspond to the points we have digitised from the published graphs, which show continuous lines.
Results were also obtained for the case where the barges are rigidly joined by the interconnecting bar. This corresponds to Figure 1 , and the constraint matrix in Equation (9) after appropriate substitution of the geometric parameters. The corresponding comparison with Newman's results for the vertical motion at the midpoint of the bar is given in Figure 5 . Again the agreement appears satisfactory. As mentioned following Equation (7), the solution technique we have adopted yields directly the forces in the constraint, without the need for supplementary calculations based on the motions. It is therefore very easy to obtain, say, the vertical force in the hinge, or in the bar for the rigidly connected barges (i.e. the shear force).
In each case this would correspond to the solution for  3 . Figure 6 shows the results obtained from our analysis of these vertical forces, again plotted against wave period (they have been non-dimensionalised by gALB, where  is the fluid density and g is the acceleration due to gravity). It is seen that the vertical force is the same, regardless of the presence or absence of the hinge. This may at first sight seem surprising: after all, the vertical responses are very different in these two cases. The behaviour can, however, be easily explained as follows. The vertical forces in the connection between the vessels are due to three effects: the wave exciting forces; the inertia forces due to the vessel responses; and the hydrodynamic radiation forces (added mass and damping effects) also due to the vessel responses. The wave forces are the same, with or without the hinge. The other forces can be separated into components linked to modes of response that are symmetric about the vertical plane through the hinge; and those linked to anti-symmetric modes. Because of the geometric symmetry in the problem, the responses in the symmetric and anti-symmetric modes are uncoupled. The introduction of the hinge on the plane of symmetry only affects the symmetric modes of response. Only the anti-symmetric modes, however, contribute to the vertical force. Therefore this force is unaffected by the presence of the hinge. We consider 4 cases numbered as follows:
1. both vessels free to respond independently 2. vessels attached by a hinge connection 3. vessels attached by a rigid connection 4. vessels attached by a horizontal spring connection.
The stiffness matrix C corresponding to the additional spring connection (see Equation (2) The roll motions are presented in Figure 11 . These also show large resonant motions, which in this mode are expected in practice to be significantly influenced by the effects of viscous damping. The relative magnitudes of the peaks shown here are, nevertheless, indicative of the implications of the different coupling arrangements.
One can confirm that in the case of the rigid connection the two vessels have the same roll motion, and the frequency of the maximum roll in this case is close to the peak of the heave responses of the FLNG and tanker.
The horizontal force in the connection between the vessels is shown in Figure   12 . Results over the full frequency range 0 to 1.6 rad s -1 are given in the left hand plot,
while the right hand plot shows these in greater detail between 0.7 and 1.0 rad s -1 .
This force is also seen to be dominated by peaks at just above 0.8 rad s -1 , as was found for the vertical motions. Again case 2 with the hinge gives rise to a substantially higher magnitude of the peak, at a slightly higher frequency. For case 4 with the spring a resonant peak (albeit small) may be seen at 0.21 rad s -1 . Figure 13 shows the vertical force in the hinged and rigid connections, displayed similarly to the results in Figure 12 . As in the case of heave motions of each vessel, there are now broad-banded peaks near 0.5 rad s -1 , close to the heave resonance frequencies of each vessel. There are also sharp peaks, as in both the vertical motions and in the horizontal connection forces, near 0.8 rad s -1 . Now, however, the peak force in the hinged connection is substantially smaller that that in the rigid connection. In the context of this figure, it is worth recalling some discussion in the previous section: if the system has geometric symmetry about the vertical plane containing the hinge, the vertical force is unaffected by the insertion of a hinge in a rigid horizontal connection. Clearly this is not the case here. by the effect of sheltering in most cases. An exception to this, however, is the large horizontal response seen in Figure 14 for case 4 at 0.21 rad s -1 , the resonance associated with the horizontal spring. Figure 15 shows the vertical responses in Beam Sea-2, in which one may observe that at the heave resonant frequency of the freely floating tanker near 0.52 rad s -1 , there is now no peak but rather a reduction in response, which appears to be linked to a neighbouring cancellation frequency. The largest dimensionless vertical motion is just over 1.2, obtained for the spring-connected tanker at 0.21 rad s -1 . When the tanker is in the upwave position, the largest peak vertical response (see Figure 10b ) is about 2.8 and arises for case 3 at 0.47 rad s -1 . There is still a distinctive vertical response in Figure 15b at 0.84 rad s -1 for case 2 with the hinge, but its magnitude is about half that found in Beam Sea-1. Similar comments may be made concerning the roll motions shown in Figure 16 .
The horizontal force in the connection is shown in Figure 17 . The largest peak, is again for case 2 at 0.84 rad s -1 , with a magnitude less than half that for Beam Sea-1.
The reduction in the vertical force at this frequency, seen in Figure 18 , is even greater.
There is also a halving of the vertical force for case 2 near the vertical resonance frequency detected with the vessel in the upwave position, 0.51 rad s -1 . 
Conclusions
The Lagrange multiplier technique has been found to be very convenient for the analysis of multiple rigid bodies joined by rigid or flexible connections. In particular once the diffraction and radiation analyses have been performed, accounting for the hydrodynamic interactions when the bodies are free to respond in their rigid body modes, the different responses under a variety of constraints may be very simply obtained. This also includes the possibility of the constraints being elastic. Results have been obtained using this approach for two geometries. One concerns two rectangular barges connected by either rigid or hinged bars, for which results have previously been given by Newman (1994) . The comparisons are very satisfactory.
This configuration also highlights the interesting result that because the problem is symmetric about a vertical plane through the centreline, there is no effect of the hinge on the vertical shear force in the connection.
The second geometry is that of a tanker alongside an FLNG barge, with a very small gap between the two vessels. This problem has previously been investigated by Sun et al. (2010b) for the case when the vessels are free to respond in all of their rigid body degrees of freedom, and the strong interactions associated with the small gap between them have been highlighted. Three further cases are considered here, involving different arrangements of constraints between the bodies. The influence of the interaction effects is again very considerable. Generally the behaviour of the vessels with rigid or hinged horizontal connections (cases 2 and 3) is fairly similar; and the freely floating and spring-connected configurations (cases 1 and 4) behave similarly. A very distinctive feature of the spring-connected arrangement is the large horizontal response of each vessel at low frequency (0.21 rad s -1 for the reference spring stiffness), which appears to be associated with a resonant mode in which the tanker oscillates horizontally relative to the large FLNG vessel. This is associated with a peak in the force in the spring; but this is much smaller than the peaks in the horizontal forces in the rigid and hinged connections just above 0.81 rad s -1 . It has been shown previously that this is the frequency of the largest peak in the frequency response of the free surface elevation in the gap between the freely floating vessels. It is clear that the behaviour of the free surface in the gap is closely linked to the behaviour of the vessels and the forces in the connections.
